Abstract. We prove that the Collet-Eckmann condition for recurrent critical orbits inside the Julia set of a rational map with no parabolic periodic orbits implies uniform hyperbolicity on periodic orbits.
Introduction
Let f be a rational map, J its Julia set and Crit the set of critical points. We know that J is hyperbolic if and only if the closure of the postcritical set O(Crit) is disjoint from J. If we let some critical points with finite orbit be in the Julia set it becomes sub-hyperbolic. The next step is to allow infinite critical orbits in J as long as they do not accumulate on any critical point and rule out parabolic periodic orbits, the Misiurewicz condition. Semi-Hyperbolicity is even weaker, it requires that critical orbits should not be recurrent, in the absence of parabolic periodic points. Under this assumption Carleson, Jones and Yoccoz show that the Fatou components are John domains for polynomials (see [4] ). Every John domain is a Hölder domain. The property that all Fatou components are Hölder is equivalent to uniform hyperbolicity on periodic orbits (see [5] and [10] ). Another advance in this direction was done by Graczyk and Smirnov (initiated in [5] and developed in [6] ) by allowing recurrent critical points in the Julia set. If all the critical points in J are Collet-Eckmann then all Fatou components are Hölder. We propose a new sufficient condition for Uniform Hyperbolicity on Periodic Orbits. It allows for both non-recurrent and Collet-Eckmann critical points in the Julia set, in the absence of parabolic periodic orbits.
It is known that a semi-hyperbolic rational map is not necessarily ColletEckmann and vice-versa, see Section 6.1.1 in [10] and Section 1.2 in [7] . Therefore Uniform Hyperbolicity on Periodic Orbits does not imply Collet-Eckmann nor SemiHyperbolicity. For unicritical polynomials however, the Collet-Eckmann condition Recurrent CE implies uniform hyperbolicity on periodic orbits
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We show that the Recurrent Collet-Eckmann implies the equivalent condition Exponential Shrinking of components. An intermediary step to ExpShrink is to show that arbitrary pullbacks of small balls stay small. This property is called Backward Stability in [8] .
Definition. We say that a rational map f has Backward Stability (BS) if for any ε > 0 there exists δ > 0 such that for all z ∈ J, n ≥ 0 and every connected component W of f −n (B(z, δ)) diam W < ε.
Inevitably, we borrow some ideas from [4] , [5] and [10] to prove our theorem.
In [4] , Carleson, Jones and Yoccoz prove the Backward Stability property in the Semi-Hyperbolic case. Then there is r > 0 such that the degree of any pullback of a ball B(x, r), with x ∈ J, is bounded, as the critical points are non-recurrent. They use a telescope construction which we sketch to prove the Exponential Shrinking of components condition. There is n 0 > 0 such that any pullback of length n 0 of some B(x, r) with x ∈ J is contracting. So it can be nested inside some B(y, r) with y ∈ J and inductively build the telescope. A bounded degree distortion argument yields an exponential contraction of pullbacks of B(x, r) of arbitrary length. We should remark that this is done for polynomials, a fact that guarantees that pullbacks of balls are simply connected.
We refine the distortion argument and obtain some specific bound for the distortion in Lemma 3. Proposition 9 proves the contraction of long bounded degree pullbacks.
In [5] , Graczyk and Smirnov prove the Backward Collet-Eckmann condition for some z 0 ∈ C. They also pull back balls around the backward orbit of z 0 , considering only univalent pullbacks. Depending on the presence of critical points close to the backward orbit of z 0 , there are three types of pullback. Using distortion arguments (the method of shrinking neighborhoods) and the Collet-Eckmann property, they obtain exponential growth of the derivative on the backward orbit.
Among our new methods we may count a precise bound for the distortion in a bounded degree setting (Lemma 3) and a way to deal with non-simply connected pullbacks, using rings. We build a telescope and show the Exponential Shrinking of components condition. Although the idea of a telescope is not new, its originality consists in combining bounded degree and unbounded degree segments. For a precise description of its construction one may refer to Section 4. The general picture is that we modified the techniques of [4] , [5] and [10] to make them work together. As in [5] , we distinguish three types of pullback. A pullback of the first type does not have a bounded degree so Proposition 10, which deals with this case, is crucial. Note that the Backward Stability property is needed to apply Proposition 10 and it is proved in Section 3. In the absence of Collet-Eckmann critical points, the Backward Stability property gives a bound for the degree of a pullback, as in the semi-hyperbolic case. This case defines the second type of pullback. The third type has a bound for the degree in the presence of Collet-Eckmann critical points. We obtain exponential contraction along every block of the telescope, with 4 N. Mihalache the eventual exception of the last one. Lemma 3 helps assemble all these estimates to obtain the Exponential Shrinking of components condition.
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Preliminaries
Without loss of generality we may assume that critical orbits (f n (c)) n≥1 with c ∈ Crit ∩ J do not contain critical points, needed in the proof of Proposition 10. Indeed, suppose some critical orbit contains a critical point inside the Julia set. Then we consider the iterate of f that connects the critical points as one iterate of the dynamics. The critical points that are on the same orbit collapse into a critical "block" for the new local dynamics. As there are only finitely many such situations, our procedure does not affect global compactness properties of the dynamics. The multiplicity of the critical block is the product of multiplicities of critical points involved. This is a standard construction, see for example [5] or [10] .
Notation. For B ⊆ C connected we write B −n or f −n (B) for some connected component of f −n (B), 0 ≤ n. When z ∈ B and some backward orbit z n ∈ f −n (z) are fixed, B −n is the connected component of f −n (B) that contains z n .
Let us recall that we denote by B e (z, R), dist e (z, W ) and diam e W the Euclidean balls, distances and diameters respectively. We also recall some classical properties of the spherical metric and of the modulus of an annulus (or ring or doubly connected region). The spherical metric dσ satisfies dσ = 2|dz| 1 + |z| 2 so on B e (0, 1) we have |dz| ≤ dσ ≤ 2|dz|.
Thus for every W ⊆ B e (0, 1)
Moreover for 0 = z ∈ B e (0, 1) and 0 < α < 1 we have
Let A(r, R) = B(0, R) \ B(0, r) and A e (r, R) = B e (0, R) \ B e (0, r) for 0 < r < R. If A(r, R) = A e (r , R ) with R < 1, by the previous inequality we obtain R r < R r .
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As mod A e (r , R ) = log(R /r ) 2π
(modulus of A e (r , R )),
Let g : A → A be a conformal proper map of degree d and A, A two doubly connected regions. Then
In particular, the modulus is a conformal invariant. Let A be an annulus and B 1 , B 2 the two connected components of C \ A. If
For any connected open U ⊆ C, every connected component of C \ U is simply connected. If diam U ≤ 1 then there is only one component of C \ U with diameter greater than 1. Denote it by ext (U ). Let fill (U ) = C \ ext (U ). It is a simply connected open with diam U = diam(fill (U )) and diam e U = diam e (fill (U )).
Let us also recall the Teichmüller extremal problem -Theorem 4-7 and relation (4-21) in [1] .
and A some annulus that separates {−1, 0} from {ω 0 , ∞} with
and
Therefore lim
T →∞ Λ(T ) = ∞ and lim
We are ready to prove our first lemma. It provides a way to control distortion in terms of diameters of a bounded degree pullback.
Lemma 3. Let g be a rational map, z ∈ C and 0 < r < R < 1. Let W = B(z, R)
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It is easy to check that g : A
−1 i
→ A i is a finite proper cover for all i = 1, . . . , m and A
is a doubly connected region and by equality (3) mod A
For every w ∈ ∂W and every A i there exists some A
⊆ W that separates W from w. Suppose there is not. Then W could be joined to w by a path
We may suppose 0 ∈ W so W ⊆ B(0, 1). Let U = fill (W ) and U = fill (W ). Let a ∈ ∂U and w ∈ ∂U with |a − w| = dist e (∂U , ∂U ). Let also b ∈ ∂U be such that |b − a| = sup x∈∂U |x − a|. The linear map h : z → (4), (8), (7) and (2), we may immediately compute
Let us remark that h(A ) satisfies the hypothesis of the Teichmüller extremal problem. Combining the previous inequality with inequality (5), we obtain
as
Combining inequalities (1) and (9) we may conclude that
If g has no critical points on ∂W then the number of components of
Prepared using etds.cls
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Proof. It is easy to check that ∂W is a disjoint union of smooth closed paths. Moreover, if γ is such a path then
Let D 1 , . . . , D s be the connected components of
For some x ∈ ∂B (z, R) consider {x 1 , . . . , x k } = g −1 (x)∩∂W . On a neighborhood of x on which g −1 can be defined we see that k = µ. By equality (10), any component of ∂W contains at least one x i with 1 ≤ i ≤ µ. We conclude that
If A is an annulus and C 1 , C 2 are the connected components of C \ A then we denote
Lemma 5. Let A ⊆ C be an annulus and
Proof. Let a ∈ ∂C 1 and w ∈ ∂C 2 with dist (a, w) = dist C \ A < 1. By rotation we may assume that a = 0. If Thus, there exists δ α > 0 a lower bound for |ω 0 |. So, by inequality (1)
We choose δ α = δ α /4. As dist (0, w) = dist C \ A , we conclude that 
We use the construction developed in the proof of Lemma 3 to obtain the following corollary.
Corollary 6. Let f a rational map, β > 1 and µ ≥ 1 be fixed. For all z ∈ C, n ≥ 0 and 0
with W ⊆ W . There is ∆ β,µ > 0 that depends only on β, µ and f such that if deg W (f n ) ≤ µ then at least one of the following conditions is satisfied 1.
There exists an annulus
There is
Proof. By inequality (2) mod A(z, R, βR) > log β 2π and this is the only way β enters in the following estimates. So we may decrease β to some β and still have mod A(z, R, β R) > log β 2π .
So, without loss of generality, we may assume that f n has no critical values on ∂B (z, βR). By Lemma 4, the number of components of C \ W is bounded by µ. As deg W (f n ) ≤ µ there are at most µ − 1 critical points of f n in W . So we may decompose, as in Lemma 3, the annulus A(z, R, βR) into A 1 , . . . , A m concentric and disjoint annuli, with m ≤ µ. By equality (7) there is A i0 with mod A i0 > log β 2πµ .
Moreover, using inequality (8) , for all
Let d = d µ (J f ) be the positive number defined by the equality (11) .
Then every such component D is contained in a ball of radius d. There exists
It is enough to choose ∆ β,µ ≤ d to satisfy the second condition of the corollary.
Suppose now that there is
Note that this is true if diam W < 1. Proceeding as in Lemma 3 we find an annulus A i0 ∈ f −n (A i0 ) with A i0 ⊆ W that separates W and D 0 . We may apply Lemma 5 and obtain δ = δ β,µ that depends only on mod A i0 > log β 2πµ 2 with the following
Finally, independently of the existence of D 0 , if we choose
then at least one of the two conditions of the conclusion holds. 2
Our first goal is to prove contraction of a long, bounded degree pullback. This is true only in a neighborhood Ω of the Julia set J. We define Ω with the following properties 1.
(Ω ∩ Crit) \ J = ∅ and 3.
Ω does not intersect attracting periodic orbits. Let us fix a RCE rational map f . All the following statements apply to f . In the absence of parabolic periodic orbits, the critical orbits in the Fatou set F do not accumulate on J. Indeed, any critical point c ∈ Crit ∩ F is sent to a periodic Fatou component which is not parabolic. By Sullivan's classification of Fatou components, the orbit of c stays away from J.
There is an open neighborhood V of the attractive periodic orbits such that V ⊆ F and
We prove a variant of Mañé's lemma. Loosely speaking, the diameter of bounded degree pullbacks of small balls in Ω stays small. It is stated for a fixed RCE rational map but it applies to all rational maps with no parabolic orbits.
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Lemma 7. Let ε ∈ (0, 1), β > 1 and µ ≥ 1 be fixed. For all z ∈ Ω, R > 0 such that B(z, βR) ⊆ Ω and n ≥ 0, let W = B(z, R)
−n and W = B(z, βR) −n with W ⊆ W . There is δ ε,β,µ > 0 that depends only on ε, β and µ such that if βR ≤ δ ε,β,µ and
Proof. Suppose the statement does not hold. Then there exist sequences (z i ) 0<i ⊆ Ω, (R i ) 0<i decreasing to 0 and (n i ) 0<i ⊆ N increasing such that deg
We apply Corollary 6 and we get ∆ = ∆ β,µ /4 > 0 such that for all i > 0 there is
Indeed, suppose that only the first condition of the conclusion of Corollary 6 is satisfied.
Let a be an accumulation point of (a i ) 0<i . By (13) there exists a subsequence (n j ) 0<j of (n i ) 0<i such that Moreover, A separates the two connected components of C \ A.
Proof. For any set E ⊆ C, let us define the α-neighborhood of E by
Analogously, we define the α-cut of E by
The α-neighborhood of E and the α-cut of E are open sets. If E is connected then E +α is connected. Moreover, if E is simply connected then every connected component of E −α is simply connected.
Let U = fill (A) and U = U \ A. Then U ⊆ U and U, U are simply connected open sets. Let V = fill U +α which is a simply connected open set. Moreover, as dist U , C \ U ≥ 4α dist V , C \ U ≥ 3α.
Let also V = U −α . Then there is at most one connected component V of U −α that intersects V . This open V is simply connected. It is also easy to check that
Finally, we may set
There could be no path disjoint from A that connects ∂A. 2
Now we have the tools needed to prove our first contraction result. 
Proof. There are finitely many Herman rings in the Fatou set. Let us denote them by
Now suppose that the conclusion of the proposition does not hold for the chosen δ. Then there are sequences (n i ) 0<i increasing and (z i ) 0<i ⊆ J such that for all i > 0, W ni and W ni satisfy the hypothesis but diam W ni ≥ r.
Let ∆ = ∆ √ β,µ > 0 and the annulus A i ⊆ W ni \ W ni be provided by Corollary 6. Then dist C \ A i ≥ ∆r and we may apply Lemma 8 for α = ∆ r 4 and obtain A i ⊆ A i with dist C \ A i ≥ 2α and
At least one of the following conditions holds for infinitely many i > 0 12 N. Mihalache
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A
A i ∩ J = ∅. So, taking a subsequence, we may assume at least one condition holds for all i > 0. That could not be condition 1 as the compactness argument used in Lemma 7 would yield a ∈ J such that for i sufficiently big
Thus no image of B (a, α) could contain J. This contradicts the "eventually onto" property of the Julia set. The only possibility is that the second condition holds for all i, so A i ⊆ F . We apply Lemma 8 to check that A i contains some ball B (a i , α/2). If a is an accumulation point of (a i ) 0<i then, taking a subsequence,
Thus a cannot be contained in the basin of attraction of some periodic orbit. There are no parabolic components. So a is sent to a rotation domain P , a Siegel disk or a Hermann ring. We fix some big i and omit it from notations.
Recall that we assumed the first condition of the conclusion of Corollary 6, as diam W < diam W < 1. Thus f n (A) separates z from ∂B (z, βR). We show that f n (A ) has the same property. Suppose this is false. Then there is a path γ that joins the two components of ∂f n (A) which does not intersect f n (A ). Then there is some pullback of γ that connects ∂A and does not intersect A . This contradicts Lemma 8. We may conclude that z ∈ fill (f n (A )) .
Let us also recall that z ∈ J, diam f n (A ) < 2δ < diam J and f n (A ) ⊆ f n−k0 (P ) for some 0 ≤ k 0 < n, where P is a rotation domain. Thus f n (A ) separates the Julia set and H = f n−k0 (P ) is a Hermann ring. But this contradicts diam f n (A ) < 2δ < h.
2
Let us recall some general distortion properties of rational maps.
Distortion. This is a reformulation of the classical Koebe distortion lemma in the complex case, see for example Lemma 2.5 in [2] . For all D > 1 there exists
then the distortion of f in W is bounded by D, that is sup
Pullback. Once a small r > 0 is fixed, there exists M ≥ 1 such that for any connected open W with diam W ≤ r and for all z ∈ W −1
We shall use this estimate for W −1 close to Crit.
The second goal of this section is to obtain contraction when there is no bound for the degree of the pullback. This can be done only in the presence of ColletEckmann critical points. In the next section we show that if the pullback does not meet CE points then the degree is bounded.
Proposition 10. For any 1 < λ 0 < λ and θ < 1 there exists δ = δ λ0,θ > 0 such that for all N > 0 and for any ball
Note that the hypothesis does not involve any condition on the length N of the orbit. Instead, there is additional information on critical points. This situation occurs naturally in our construction.
Proof. Let us fix z ∈ C and D ∈ (1, λ/λ 0 ). Let ε > 0 be provided by inequality (16). Let also r > 0 be small and M ≥ 1 defined by the inequality (17).
Let us recall that no critical point is sent to another critical point. Then there is r 1 < r such that for any c ∈ Crit, B(c, 2r 1 ) −k satisfies the inequality (16) for all 0 < k ≤ l. Let us define δ = εr 1 .
By hypothesis, diam B(z, R)
where k t+1 = N + 1. In fact W N +1 cannot satisfy inequality (16), as c 0 ∈ W N +1 . We may begin estimates. For all 0 < j ≤ N with j = k i for all 0 ≤ i ≤ t, W j satisfies the inequality (16) so the distortion on W j is bounded by D. Thus
If j = k i for some 0 ≤ i ≤ t we use inequality (17) to obtain
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Let us recall that x N = f (c 0 ) with c 0 ∈ CE and that W 0 = B so diam W 0 = 2R. Inequality (20) yields t + 1 < N/l. Multiplying all the relations (21) and (22) for all 0 < j ≤ N we obtain
The last inequality is inequality (19). 2
Backward Stability
As we have already announced, an important intermediary step to N U H is BS, see page 3. It is a generalization of Lemma 7. Basically, the diameter of any pullback of a small ball is small. The first condition in the hypothesis of Proposition 10 will be satisfied automatically, thanks to BS. So the only hypothesis of Proposition 10 will be the presence of critical points in some pullbacks. All the following constructions take place inside Ω, the neighborhood of J constructed in the previous section. Therefore critical point in the Fatou set do not play any role in the sequel. For transparency we introduce additional notation Crit J = Crit ∩ J, N R J = N R ∩ J and CE J = Crit J \ N R J . So N R J , CE J ⊆ J form a partition of Crit J . For any c ∈ Crit let µ c be the multiplicity of c, that is the degree of f at c. Let
Proposition 11. RCE implies BS.
Proof.
Let 0 < ε 1 = min{dist (c, c ) |c = c ; c, c ∈ Crit J } be the smallest distance between two critical points.
Let us remark that there exists ε 2 > 0 such that every connected component U of f −1 (V ) is simply connected provided V is simply connected and diam V < ε 2 . We may assume that ε 2 is so small that diam B −1 (z, ε 2 ) < ε 1 for all z ∈ C. By the choice of ε 1 , U contains at most 1 critical point. Hence, f : U → V is univalent if Crit ∩U = ∅ or its degree is equal to µ c if c ∈ Crit ∩U . Let 0 < ε 3 = min{dist (c, O(c)) |c ∈ N R J )} be the smallest distance of a nonrecurrent critical point to its orbit.
Fix some λ 0 ∈ (1, λ) and consider δ λ0,1/2 > 0 supplied by Proposition 10. Choose
Let δ ε,2,µ0 > 0 be supplied by Lemma 7 and δ = δ ε,2,µ0 /2. We call B (z, r) admissible if B (z, 4r) ⊆ Ω. By diminishing δ, we may suppose that any ball with radius at most δ that intersects J is admissible. Suppose BS is not satisfied. Consider n 0 the smallest n with the property that there is an admissible ball B (z, r) with r ≤ δ such that diam B (z, r) −n ≥ ε. Let
. By Lemma 7, this choice of
Remark. This is the only exception to our construction of blocks of critical points, developed in the first part of Section 2, in order to ensure that critical orbits avoid critical points. Here n 0 and m (to be defined) are the "original" lengths of the orbits. Note that a CE J critical point cannot be sent to Crit J . Thus Proposition 10 still applies as it does not assume anything on N , the length of the orbit.
We may cover ∂B (z, 2r) with less than 100 balls B i = B (z i , r/2) centered on ∂B (z, 2r). They are admissible as B (z, r) is admissible. Therefore diam B −n i < ε for all n < n 0 . Thus for all n < n 0
Let us denote
Inequalities (23) and (24) show that
Recall that ε 0 ≤ ε 1 , by its definition (23). Thus W k contains at most one critical point for all k ≤ m. Equally by (23), ε 0 ≤ ε 2 . Therefore diam W m+1 < ε 1 so W m+1 contains at most one critical point also.
counted with multiplicity if some c ∈ Crit
Moreover, ε 0 ≤ ε 3 thus
Otherwise there is c ∈ N R J with c, f k2−k1 (c) ∈ W k1 and diam W k1 < ε 3 , a contradiction. Thus, in the product (26) that defines d m , non-recurrent critical points are counted at most once. Since µ 1 < d m by inequality (27), there are at least two integers 0 < m 0 < m 1 ≤ m such that each W m0 and W m1 contains exactly one Collet-Eckmann critical point. As ε 0 ≤ δ λ0,1/2 by inequality (23) and for all k ≤ m diam W k < ε 0 by inequality (25), we are in position to apply Proposition 10 for
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As W N +1 = W m1 contains a critical point, W N contains a critical value v inside Ω. As Ω does not intersect critical orbits in the Fatou set, v ∈ J. So
which contradicts the minimality of n 0 and hence proves the proposition. 2
In the previous section we fixed f a RCE rational map. We also defined Ω, a neighborhood of J = J f . Let us also define some constants using Proposition 11. They will be used in the next section, in the proof of the main Theorem. They are also used to state the following corollary.
Let β = 2, µ = µ 1 , λ 0 ∈ (1, λ) and θ = 1 2 64 −µ . Proposition 9 provides δ β,µ > 0 and Proposition 10 provides δ λ0,θ > 0 that depend only on β, µ, λ 0 and θ. Let ε = min(ε 1 , ε 2 , ε 3 , δ β,µ , δ λ0,θ ).
Proposition 11 provides δ such that the diameter of any pullback of a ball of radius at most δ centered on J is smaller than ε. We may assume that ε and δ are small δ ≤ ε < diam J/10 < 1/2 and that any ball of radius δ that intersects J is contained in Ω. We set R = δ/4.
Corollary 6 and Propositions 9, 10 and 11 apply for pullbacks of balls centered on J of radius R ≤ 2R. Moreover, if we set r 0 < θR, Proposition 9 yields N 0 = N β,µ,r0,R ≥ 1, the minimum length of the orbits on which it applies. If W is an open set and f k (W ) contains at most one critical point for all 0 ≤ k < n, let us define
Corollary 12. For all z ∈ J, 0 < r ≤ 2R and
Proof. This is a reformulation of the definition of m 0 and m 1 in the end of the proof of the previous proposition. 2
RCE implies UHP
We have discussed in the introduction some telescope-like constructions in the literature and we also have announced that our proof uses one of its own. We do not give any general definition of a telescope, instead we provide a self-contained description of the one we use. We consider a pullback of an arbitrary ball B (z, R) with z ∈ J, of length N . We prove the Exponential Shrinking of components condition. We show that there are constants C 1 > 0 and λ 1 > 1 that do not depend on z nor on N such that
It is easy to check that the previous inequality for all z ∈ J and N > 0 implies the ExpShrink condition. Let us describe the construction. We nest B(z, R) inside a ball B(z, R 0 ) with R 0 ≤ 2R and consider its preimages up to time N . We show that there is some moment N 0 when the pullback observes a strong contraction. Then B(z, 
−N 1 form the second block and so on. Lemma 3 is essential to manage the passage between two such consecutive telescope blocks. We show contraction for every block using either Proposition 9 or Proposition 10. This leads to a classification of blocks depending on the presence and on the type of critical points inside them.
Let us recall that β, µ, λ 0 , θ, ε, R, r 0 and N 0 were defined at the end of the previous section. Let R be the radius of the initial ball of some block and N be its length. Let r ≤ R be the diameter of the last pullback of the previous block. It is a lower bound for R thus consecutive blocks are nested. Recall that (z n ) 1≤n≤N is a fixed backward orbit of z, contained in the pullback. A block that starts at time n is defined by the choice of R with r ≤ R ≤ 2R and of N with 1 ≤ N ≤ N − n. It is the pullback of length N of B(z n , R ). For all n, t ≥ 0 and r > 0 we denote d(n, r, t) = deg B(zn,r) −t (f t ) and d(n, r, t) = deg B(zn,r) −t (f t ) . 
Let us define three types of block before we make any further considerations.
Type 1 Blocks with R = r and N such that d(n, R , N ) > 1 and
Type 2 Blocks with R = R, N = min(N 0 , N − n) and d(n, 2R, N − n) ≤ µ.
Type 3 Blocks with
The proof of the theorem has two parts. The first part is the construction of the telescope. That is, every pullback of some B (z, R) with z ∈ J of length N , can be nested inside a telescope built of blocks of the three types. We show that diam B(z ni , R i ) −N i < R, that is, the contraction along the i-th block is strong enough and that there is at least one type of block to continue with. An upper bound
for the diameter of the pullback of length N of B(z, R 0 ) completes the proof of the theorem. In the general case we replace 0 by n and N by N −n in the previous construction. Let us be more precise with our notations. We denote by n i , N i , r i and R i the parameters n, N , r and R of the i-th block. Let also W i,k be W k in the context of the i-th block with i ∈ {0, . . . , b}, where b + 1 is the number of blocks of the telescope. So n 0 = 0, r 0 = R, n 1 = N 0 and r 1 = diam W 0,N 0 . In the general case i > 0, we have n i = n i−1 + N i−1 and
Let us also denote by T i ∈ {1, 2, 2 , 3} the type of the i-th block. The type 2 is a particular case of the second type, when N < N 0 . This could only happen for the last block, when N − n b < N 0 . So T i ∈ {1, 2, 3} for all 0 ≤ i < b. We may code our telescope by the type of its blocks, from right to left
Our construction shows that
is a sufficient condition for the existence of the telescope that contains the pullback of B(z, R) of length N . If T i ∈ {1, 3} we apply Proposition 10 and find that
as θ < 
In either case, r i+1 = diam W i,N i satisfies inequality (28). Thus the telescope is well defined. We may start estimates. First note that if T i = 1 then, using Proposition 10 
We also find a bound for r b+1 in the case T b = 2 . Let us remark that R b = R therefore r b+1 < ε = εR
We decompose the telescope into m + 1 sequences 1 . . . 1, 1 . . . 12, 1 . . . 13 and eventually 2 on the leftmost position 
